
 

MATH 6021 Lecture 3 9 21 2020

Recall In E IR min hypersurface immersed

stable 2 7 lapp s f 10412 HYECECE

Bernstein 1hm In 3 Any entire min graph in IRS is flat

Stable Bernstein Conjecture Any complete stable min hypersurface
in IR 3 E n E 7 is flat

LRecall countere.g'sfrom
Bombieri DeGiorgi Giusti

Fisher Colbie Schoen80 doCarmo Peng 79

The conjecture is true when n 3

1
Remark FCS's proof also works with

1133 replaced by CM
3 g

of non negative scalar curvature
2 The proof relies on a vanishing theorem which holds also

in higher dimensions recall Mng dosedRic o H MiB o

vanishing Theorem
non apt

Let In E 112 be a complete 2 sided stable min hypersurface

THEN any 1 form w C N E which is

i harmonic ie D w o where I D8 c S'd

Cii and in L2 ie f l WI C too
I

must be identically Zero ie w I 0

Remark This holds in all dimensions



Proof Key ideas Bonchnertechnique stability ineq

Steph Use stability ineq to prove a weighted stabilityineq

1 flwl KIWI y E f twi 10412 V 8 CCECE
compute instep2

here The Jacobi operator L Sz IA l

Ree III in'T e finer b Fedde
Lipchitz

et w e NCE be an LZ harmonic 1 form Plug in

Set f a Iwl o Lip Take T f Y Cpt Supp

IA I f'y E f I T fo l 100125
2
1Of129

rewrite 24f Of 74
this

Nele 24 f f 04 Lz Tf 04

BI Iz f g's f f 44 fsf 110ft
feed27

Putting it back we obtain

laity 1 fsf y s f f 10912

f Df Aifa 4 recall f Iwl

f Lf 9 This finishes step 1



Step 2 Compute LClwl using Bochner formula

Recall BSchner formula for harmonic 1 forms w on E

f S Iwf I Owl t Ric W w

need to evaluate this

We first rewrite the Ricci term using the Gauss eqI

Gauss eq Rijke hikhje hiehjn where A hi
Idf.f of 2CD flat E min

trace 2Rih hire hjj E hijhjk A
over j l as anoperator

Locally write w IF Ai O in some local 0 N B of 1 forms Oil

Then RIE w W In Rinaah Ignhithjnaia IAcw212

Now we compute A Note

Iwl L Iwl Iwl blast c IAT Iwl scowl's

l w I b I w I t 1412 w12
Iwlstart1101W

It
II Sloot ITI wit't IATIWI

Bochner

low ftp.Ecwtt.w j l0lwil2lAilwl2
IACw4l2

l7wI2 101w112 lnFlw12 law412

30 byKato'sineq 30 by Cauchy Schwarz



We want to squeeze out a bit more from the first term

Enchanced Kato's ineq I w12 101W112 3 low 12
for harmonic W n33

Reason This is just an algebraiclemma
i.e Ai j is symm trace free

locally w AiOi f cu y x cu i matrix

w harmonic
dw o f Ainj Aj i
Sw o l f Ai i O

WL.OG at pC 2 assume A p Iwl Aicp 0 for iz z

ie O E at pIwl

Claim I Iwl 12 Iz ai n at p

Pf TIWI 21W T iwi
A

4lwflow 12 1014212 E Iwi n

4 ai 2 E ai ai k 4A Zain is

so 101wit E a n ai ai n

fE an D E en 4 an n

Altogether
I

Itf 1810112 E IZAin t a In an n E l Tal

C I yw Ai j
thistnishes gown a

caisis la da

step 2



Step 3 weighted stability a cutoff argument

Step 1 2 imply V 4 c CECE

flow1242 E Iwl Llwl 9 E f I wi 10412P P
I step2 Step1

10 122 in BIBI1Take Y Cfp cutoff for
r deepNcte NO NEED for

logarithmiccutoff trick
Nwe have

lowlier e f twitter ftp.qfpgglwl Epa fT.fwi
As R 00 this implies TW IO ie w is a parallel 1 form

I w l const o f i Iw12 c ta E has infinite area

is

Now we proceed to prove I sided react byRos

Them FCS fo Anycomplete 2 sided stable min surface
in IR3 is a plane

Proof Let 2 2 E 1123 be the stable min surface

Claim 1 covering stability
The universal cover Irs IRS is still

a stable min immersion Nontrivial eg CRIP'SCRIB

or ofstable
2 11

CRIP
a a stable

Claim2 I 2 conformally



We prove these two claims first

Proof of Claim 1 1stDirichleteigenvalue on r
f b

I stable I l L r z o f r ca E
edomainmonotonicity
All L r 2 C L r 2 C L r s o te r Cc 2

where R CR CC 2

Fredholmalternative 7 solution Up O Et

Lur o in D BE co 2
is

Urlyre 1 based at pro

URSet Up where o p E E is some fixed pt
Ur107

THEN Harnack ineq elliptictheory 11Up11cg E CCK

on any KCC 2

By Arzela Ascoli I subseq Ri to set

Vp Conceptsubajts y o

SE f LV 0 in E
V o 1 ie V is non trivial

i e 7 positive Jacobi field on the entire E

Lift u from E to E ie W Vo T where IT I 2

E z
we ECE and L W 0 ie Tw t CAI w o

w 30
where LE i SE t A12



Claim is stable ie J A I'Y E f 10912 04 cCECE

Reason w o n I logW is well defined on E

J login div FT IT Tj IFT 1540GW12

Multiply by 42CCECE integrate

IFT111 4 Slogan 42
cancels

z f g Fy Flogw
z

E I t IFlogwig
cancels

uniformirationProof of Claim 2 i E is non ept
b

E simply connected E e D
rulethis
out

D has a non zero harmonic 1 form say w dX L w rat flatmetrr

But harmuniaty of w k f I wi s too are conformally invariant

By L vanishing theorem E D So I E
is

Now W s o ou E and Jw IATw E o

ie w is a positive superharmonic fan on

Since Q is parabolic W const so IF12 0 ie flat

set u logw then Jy Hui e f su 7 is



Q what about higher dim but co dim 1

We have at least the following result

1hm Schoen Simon Yau 75

Let 3 E n E G Suppose 2 E IR is a complete stable 2 sided

min immersed hypersurface Et it has Euclidean volumegrowth

7 C O SE I E n Bpco I E C R t R 0

Then I is a flat hyperplane

Key Idea curvature Estimates

BECp c 2 E stable
22 Cb IA 12403

dzcp.az
P

95nia k I
z D ff bdd Bernstein

Atil E C nee zum compactness

in this theorems
thinkof 22 co

local in6mW
region

Recalls A DN

IAI EC 11NHc E C


